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Topology of the metabolic network of the yeast cell
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Map of protein-protein interactions
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Random Graphs—

Erdos and Renya (1959,1960)

nodes

probability edge between two nodes

expected number of edges

degree distribution is binomial

average shortest path

clustering coefficient
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Example: degree distribution
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Clustering Coefficient

Transitivity: friend of your friend is also your friend
Goal: [0,1] number associated with number of triangles

Method 1:

[three times total number of triangles]
[total number of connected three tuples of nodes]

Method 2:

[number of triangles in which node is incident]
[number of three tuples of connected nodes centered on node ]

and in example

7



Properties of Scale-Free Graphs

Small-world: average shortest path

Confusion in literature with graph diameter

Power law: tail of is linear log-log plot

Exponential: tail is linear for log plot

Clustering Coefficient: constant for large
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Popularity of Scale-free Graphs

Graph Nodes Edges AvgDeg AvgSPD
film actor 449,913 25,516,482 113.443 3.48 .20 .78
Altavista 203,549,046 2,130,000,000 10.46 16.18 — —-
Internet 10,697 31,992 5.98 3.31 .035 .39
protein 2,115 2,240 2.12 6.80 .072 .071

6 books—Linked, Nexus, Six Degrees.

Review articles, articles in “Nature”, more
than 500 research articles since 1997.

Expected value for random film actor graph
is .
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Scale-free graphs: preferential attachment

Start with 3 node 2 edge path

Add nodes one at a time: average degree

Roulette wheel selection based on

1000 nodes
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Scale-free graphs: Euclidean distance

Start with 3 node 2 edge path

Add nodes one at a time: average degree

Pick closest nodes (Euclidean distance)

2000 nodes; Western U.S. power grid
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Strengths and Weaknesses

S: small diameter (min communication costs)

W: vulnerable to communicable diseases

W: difficult to uncover shortest paths

S: resistant to random node/edge failures

W: powerless against targeted node attacks

How to strengthen scale-free graphs?

Callaway, D.S., M.E.J. Newman, S.H. Strogatz and D.J. Watts,
“Network Robustness and Fragility: Percolation on Random
Graphs,” Physical Review Letters, 84 (2000) 5468-5471.

Park, S-T., A. Khrabrov, D.M. Pennock, S. Lawrence, C.L.
Giles and L.H. Ungar, “Static and Dynamic Analysis of the
Internet’s Susceptibility to Faults and Attacks,” IEEE Infocom
2003, Paper No. 0-7803-7753-2.
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Optimization (tabu search) and scale-free

Bi-objective models

Ferrer i Cancho and Solé (2001)—SFI.

Min (average shortest path total number edges).

Resulting graphs: trees to scale-free to star graph.

(Plot below: 50 nodes, objectives equally weighted)
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Optimization (tabu search) and scale-free

Bi-objective models: replace total number
of edges with average degree

(Plot: 50 nodes, objectives weighted )
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How do scale-free graphs organize?

Ferrer and Sole (2001) believe that preferen-
tial attachment does not provide an adequate
explanation for the large clustering coefficients
observed in real networks. They believe that
clustering is a side effect of optimization. They
conjecture that reliable communication and cost
minimizing shapes are the organizing princi-
ples behind scale-free graphs.
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General Aviation Networks.

Lederer, P.J. and R.S. Nambimadom, “Airline Net-

work Design,” Operations Research, 46 (1998) 785-

804.

Assumptions

— All cities served lie on a circle; equidistant

— Demand for service is identical for all O-D pairs

— Hub at circle center, not a destination

— Airline and passenger’s costs, 24 city max

Network choice—hub and spoke, point to
point, single tour, mixed subtours

Sensitive parameters—demand, distance be-
tween cities, and number of cities

Each network type optimal for some param-
eter choice.
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General Aviation Networks.

Yang, L. and R. Kornfeld, “Examination of the Hub-

and-Spoke Network: A Case Example Using Overnight

Package Delivery,” in Proceedings of the 41st Aerospace

Sciences Meeting and Exhibit, January 6-9, 2003.

Network choice—hub and spoke, point to
point, several hubs

Model—mixed linear integer program

Limitations—only 7 city models tested

Each network type optimal for some param-
eter choice

LP-relaxation/column generation—more cities
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Connections with Scale-Free Networks

Start with k-regular ring lattice

Rewire shortcuts across the lattice

   Edge
Rewired

Watts and Strogatz Model (1998)
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(avg shortest path) (total distance)
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General Aviation Problems
.

Min cost solutions to daily routing problems

— Assume routes are not fixed

— Assume demand will increase

— 3000 small/regional airports 2% of demand

Test scale-free ring lattices against compet-
ing network types (Lederer 1998)

Under what scenarios will scale-free win?

— Include door-to-door costs?

— What level fidelity needed to establish validity?

Since regional airports are capcitated is scale-
free limited?

Seek local rules so that high quality route
networks result and so that decision making
is decentralized.
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Related Combinatorial Optimization Problem
.

Survivable network design problem

— Undirected graph with edge weights

— Connectivity specifiecd for all node pairs

— Find minimum weight spanning subgraph with
edge-disjoint paths for all node pairs.

— provides measure of redundant connections

to protect against edge failures.

Problem is NP-hard (Steiner tree)

Korte and Vygen (2000) reference

Similar problem to address node failures?
(dual)
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